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Abstract: We give a new proof that the sphere S e does not admit an integrable orthogonal 
complex structure, as in following the methods from twistor theory. 

We present the twistor space Z p,q of a pseudo-sphere 5|" = S02 P +i,2q/ S02 P .2q as a pseudo- 
Kahler symmetric space. We then consider orthogonal complex structures on the pseudo- 
sphere, only to prove such a structure cannot exist. 

1 Introduction 

This article raises some questions around the problem solved by C. Lebrun in ^1] about 
the non existence of orthogonal complex structures on the sphere S 6 . That clever proof 
recurs to a particular fibre bundle, the open subspace of the Grassmannian Grs(C ) 
consisting of 3- planes P for which P n P = {0}. This is a space which, we know today, 
agrees with the general twistor bundle of the 6-sphere. 

The reader may notice throughout the text that we somehow reproduce the same 
arguments from the refered article, but our goal is to present them as a consequence 
of the theory of twistor spaces. Moreover the final argument is purely geometric rather 
than topological. We also extend some known results from the Riemannian to the semi- 
Riemanniann context, for which it is essential to consider all what was explained in 
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In recalling the theory from this reference we are led to some new insights relating affine 
transformations and the twistor pseudo-holomorphic structure. 

In the last section we revise and compute a few metrics on the twistor space of a 
pseudo-sphere. We start by proving the spheres cannot be pseudo-Kahler. Then putting 
together the pseudo-Kahlerian structure of the twistor space and its intrinsic geometry 
induced by the linear connection, we are able to find interesting formulae dealing with its 
curvature and a 2-form u on the base manifold. This is actually true for all symplectic 
twistor spaces. 

The analysis of the exterior derivative of the Kahler form from two different paths 
leads to the conclusion that it must vanish. Although an unexpected proof, by a differ- 
ence in scalars, it may explain why it was not a trivial problem. 

2 Twistor spaces 

Let (M, V) be a 2n-dimensional manifold endowed with a linear connection. We briefly 
recall along the text the theory of twistor spaces described in [121 HB] . For a fast expo- 
sition and new proofs we avoid mentioning the principal bundle of frames of M. 

2.1 The general theory 

Consider the general twistor space of M, ie. the bundle 

J(M) = {j G End T X M | x6M,j 2 = -l}^M (2.1) 

with standard fibre GL2 ra (M)/GL n (C) which consists of the complex symmetric space of 
linear complex structures on R 2n . More accurately the bundle is called a twistor when 
it is seen with a certain almost complex structure J7" v induced by V. First we have an 
exact sequence of vector bundles (all over the same base space) 

— ► V — ► TJ(M) — > E = ir*TM — ► 0, (2.2) 

where V = ker d-zr. Then we use the connection to find a splitting TJ(M) = V © 7i v 
into vertical and horizontal tangent vectors and define, up to canonical isomorphism 
d7r : 1~iy — > E, 

J?(X) = jX, for X horizontal, J* {A) = jA, for A vertical. (2.3) 

The meaning of u jA" on the vertical side is explained as follows. The general twistor's fi- 
bre 7r _1 (x) consists of elements j of the form gJog -1 where g varies in GL(T X M) and Jo is 
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a fixed element. So it agrees with the complex symmetric space GL(T X M) / GL(T X M, Jo). 
It is not hard to see that 

Tji^ix)) = Vj = {A G EndEj\ Aj = -jA} (2.4) 

and that this space is closed under left multiplication by j. This is the symmetric space 
complex structure of the standard fibre, which we copy to each fibre of the twistor 
bundle. 

If we define a tautological section $ G r(j7"(M), End E) by = j, then it varies 
along the vertical directions only. More precisely: 

Proposition 2.1 ([12J). H v = {X e TJ(M)\ (tt*V)x$ = 0}. The vertical part of 
X G TJ(M) is X' = i$(7r*Vx$). 

To see this we may argue with a section j : U i— ► J(M) on a neighborhood U of a 
point xq. It is well understood that dj Xo (X) lies in the horizontal distribution induced by 
a connection on a fibre bundle if, and only if, V x XQ j = 0. But immediately we also deduce 
( 7r *^)j*^^ > = j*(. n *^)xj*& = Vxj- Here is a complete proof of the proposition. Take 
normal coordinates x l for V in M around a point xq, so that, if V = d+^4, then A Xo = 0. 
Take coordinates z a for the fibre of J7"(M) (a = l,...,n 2 — n). Then at the point 
j = (x , [z a ]) the section $ corresponds to so 7r*V Si $ = vr^d+Aokt-^] = 4? = 
and (TT'Vfl^Q = (vrM a J^])^ = - = [d a , $]^. Hence, for A G V, we 

found tt*Va$ = 

Now we recall the integrability equations of JT V , the proof being postponed to section 
3.3. Let j + ,j~ denote respectively the projections 

to the -N and — i eigenspaces of j. 

Theorem 2.1 ([12]). The twistor space almost complex structure is integrable if and 
only if the torsion T and the curvature RofV satisfy 

j + T(j-X,j-Y) = 0, ./•/.'(./ A'../ Y)j = 0, (2.5) 
for all X, Y G TM, j G J(M). 

2.1.1 The Riemannian twistor space 

When the structure group of M is reducible and M admits a connection compatible 
with such reduction, we can further reduce the twistor space. Here are some celebrated 
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examples: for oriented Riemannian manifolds and metric connections the appropriate 
twistor is the one with fibre S02 n /U n (cf. |3J H2 EH] between many others), for 
almost hermitian manifolds with a hermitian connection one restricts to U p+q /U p x U q (cf. 
0H2]) and for symplectic manifolds endowed with symplectic connections we consider 
Sp n (R)/U n (cf. j3 d])- But some other twistor spaces have been studied, both of 
the compact and non-compact type. Namely for the quaternionic structure /, J, K in 
dimension An one considers the sphere bundle {xl + yJ + zK\ x 2 + y 2 + z 2 = 1}. As 
examples of the non-compact type we mention the hyperbolic twistor space, induced 
by paraquaternionic structures (cf. 0), and the complex structures compatible with a 
2-form or Sp p+q {R)/U p , q case (cf. [HI2]). 

Notice all the previous symmetric spaces are complex symmetric subspaces of the 
whole space of linear complex structures on R 2n . This follows trivially from the theory in 
[TU] (as we shall see in a specific case). Hence the integrability equations of all respective 
twistor spaces are the same as those for the one with general fibre, cf . theorem 12.11 

In case (M, g) is an oriented Riemannian manifold and we consider the first of the 
previous examples 

J + (M,g) = {j E J(M)\ j*g = g and j induces the same orientation} (2.6) 

with the Levi-Civita connection, then it is a well known result in dimension 4 that J v 
is integrable if, and only if, M is self-dual (cf. |3;). For higher dimensions it was proved 
in [12], using representation theory, that the integrability equation being satisfied is 
equivalent to conformal flatness, ie. the vanishing of the Weyl part of the curvature - 
which no longer brakes into two irreducibles as it does in 4 dimensions. 

We recall the main lines of the proof, which comes from analysis of equation ()2.5|) . 
Since for all j we have = k{l ± iJ$)k~ l = kJ^k -1 , the curvature condition can be 
put as J^k- 1 R{kJ^X,kJ^Y)kJ^ = 0, \/k e SO(T x M), X,Y e T X M. Noticing the 
adjoint action, the condition is saying R takes values in the largest invariant subspace 
of curvature type tensors which satisfy JqR(JqX, JqY)Jq = 0. But we may view J 
as an element of the Lie algebra acting by 

(Jo • R)(X, Y) = J Q R(X, Y) - R(J Q X, Y) - R(X, J Y) - R(X, Y)J , 

VX, Y G T X M. Since Jo has eigenvalues ±i on T X M, it can only have 0, ±2i, ±4i 
eigenvalues on curvature tensors (a simple computation). The 4i eigenspace is easily 
seen to consist of tensors of the form JqR(JqX,JqY)Jq, so, again, the condition is 
saying R takes values in the largest invariant subspace in which Jo has no 4i eigenvalue. 
By conjugation and since the tensor R is real, we cannot have the — 4i eigenvalue either. 

Now in dimension > 6 it is known that R has three irreducible parts: the scalar 
curvature, the traceless Ricci tensor and the Weyl tensor. We conclude the latter is 0, 
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because the former are symmetric and hence cannot give a 4i-eigenvalue. Finally, we 
recall the equivalence between Weyl and conformal flatness. 

2.1.2 The semi-Riemannian case 

Now suppose (M, g) is an oriented 2n-manifold and g is an indefinite metric of signature 
(2p, 2q), p + q = n. Let us denote 



L P,Q 



hp 








l2q 



and J, 



p,q 



Jn 







■Jn 



where J„ 











Thus each tangent space of M admits an oriented orthonormal basis in which the metric 
is given by I p q . Next we consider the space F m = S02 P) 2q/U p ^ q whose elements are the 
linear complex structures compatible with the orientation and metric of semi-Euclidian 
space, or orthogonal linear complex structures. 

Proposition 2.2. F p ^ q is a pseudo-Kahler symmetric space. 



Proof. Notice J PjQ 



J 



p,q 



-Jp, q - F p>q is again a complex symmetric subspace of 



GL2n(M) I GL n (C) , because it is induced by the involutive automorphism k i— > J PA kJ i 



of SC>2 P ,2q with U p>q as the subgroup of fixed elements (we refer to the theory in [TU]). 
Since we have TjF p ^ q identified with 

mj = {A e so 2p ,2q ■ AJ = -J A} 

and the invariant complex structure is left multiplication by J, we have to check J A e 
mj. We know AI Ptq 



-I p , q A T and JI p q J T = J Pj? . Hence 



JAL 



p,q 



~JI p ,qA 



I p ,qJ A 



UMJf 



i P , q (JAf 



as we wished. Since kJAk~ x = kJk~ l kAk~ l , we have indeed an invariant complex 
structure. 

Clearly [[xtij, mj], m.j] C mj, which is the condition for mj to correspond to the 
canonical connection: a torsion free connection with parallel curvature. This is, more- 
over, the connection of the SC^p^-invariant metric induced by the Killing form of S02 P ^q- 
Finally, if uj is the non-degenerate invariant pseudo-Kahler form, then 



dcu(X, Y, Z) = duj(JX, JY, JZ) = dco(J 2 X, J 2 Y, J 2 Z) = 



and we are finished with the proof. Notice the curvature R(A, B)C = 



-[[A,B],C]. m 
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Now we can talk about a new twistor space of M, also denoted J7+(M, g) = {j G 
J(M)\ j*g = g and j induces the same orientation}, with fibre F p ^ q . We can also say it 
is the space of linear complex structures for which g becomes type (1,1), or equivalently 
g(j+X,Y) = g(X,j-Y). 

By the remarks in the previous section, the equations of integrability of the almost 
complex structure JT V are the ones from theorem 12 .11 and precisely the same arguments 
from the definite case apply here. 

Theorem 2.2. The twistor space J~ + (M,g) is a complex manifold if, and only if, the 
metric is self-dual in case In = 4, or the metric is conformally flat in case 2n > 4. 

Proof. The semi-Riemannian decomposition of the curvature tensor is sustained in all 
signatures and, according to [5], theorem 1.165, the vanishing of the semi-Riemannian 
Weyl tensor corresponds to conformal flatness. In dimension 4, the case for 5*02,2 also 
resumes to self-duality (W~ = 0) because the Hodge operator still verifies * 2 = 1 and 
this group is not simple. ■ 

2.2 Holomorphic maps into twistor space 

Let Z be any of the previously described twistor spaces over a manifold (M, V) . Suppose 
(N, J ) is a given almost complex manifold and ip : N — > Z a given map. Let f = n oip 
and let be the pullback of the tautological almost complex structure of the bundle E 
described in (|2.2j) : ip*$ x agrees with ip(x) for all x G N. This induces a decomposition 
ip*E ® C = tp + © ip~ into ±z-eigenbundles. Now we need a lemma whose proof was 
already given in two particular situations: in JH] for the Riemannian case and in pQ for 
the symplectic case. It is a result of a technical sort, which carries straightforwardly to 
the present setting. 

Lemma 2.1 (|13j). On any twistor space the following conditions are equivalent: 

(i) ip is (J Ar ,j7" v ) pseudo -holomorphic. 

(ii) dfoJ N = o df and (/*V =0, Vw G T + N. 
(in) df(T+N) C 4> + and f*V u (Tip + ) C (r^ + ), Vw G T + N. 

Now suppose N = M and if) = J : M ^> Z is a smooth section. Let J itself play the 
role of J N above, as it is an almost complex structure on M. Then / = Id and J*$ = J. 
Moreover, the space of sections TJ + = TT + M = 3L + . 

The following result generalizes one from in two ways. 

Proposition 2.3. For V torsion free, the almost complex structure J is integrable if the 
map J is (J, J7" v ) pseudo-holomorphic. 
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For the semi-Riemannian twistor space with the Levi-Civita connection, the condition 
is also sufficient. 

Proof. Let us analyse (iii) in the lemma. The first part holds trivially and the second 
resumes to 

V u vEX + , Vu,vEX + . (2.7) 

But then the integr ability follows by the vanishing of the Nijenhuis tensor, which is well 
known to be equivalent to 

[u, v] = V u v — V v u E X + . 

Now suppose we are in the semi-Riemannian setting and the last equation is fullfield, 
ie. [£ + , X + ] C £ + , which is the same as J being integrable. By hypothesis the metric g 
is type (1,1) relatively to J. Let us define a 3-tensor Q(u, v,w) = g(V u v,w) in X + . It 
is indeed C^(C)-linear in v because g(v,w) = 0. By the same reason and the fact that 
Vp = 0, G is skew-symmetric in v,w: 

g{V u v, w) = u- g(v, w) - g(v, V u w) = -g(v, V u w). 

But the integrability of J implies G is symmetric in u, v. These two conclusions lead 
to G = and therefore ()2.7)1 is valid again. Applying the lemma, we see J is pseudo- 
holomorphic. ■ 

2.3 Affine transformations of twistor space 

Let M, M\ be two manifolds and a : M — > M\ a diffeomorphism. Then a induces an 
invertible transformation from J{M) onto J {Mi) preserving the fibres, ie. a map S 
such that the diagram 

J{M) J{M{) 

7T i | 7Ti 

M Mi 

commutes. Indeed, for any y E Mi, j E n^ 1 (cr -1 (y)) we define 

S(j) = do-ojoda- 1 (2.8) 

which is an element in 7rj~ 1 (?/). It is trivial to check S is well defined. 

We may suppose furthermore that a preserves some extra G-structure, in the sense 
that it interchanges the principal G-bundle of frames of M and Mi. Then it induces a 
map S : Z — » Z\ between the twistor subspaces whose fibres are G/G D GL n (C). 
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Assume we have twistor almost complex structures J7" v and J7" v , on the respective 
twistor spaces, where V 1 = o ■ V and V is any given linear G-connection on M. Recall 
that for any Z, W vector fields on Mi, 

(a ■ V) Z W = a ■ (Vv-i.za- 1 ■ W) 

where a ■ X y — da(X a -i^ y \), Wy G Mi. The new connection is again a linear G- 
connection, and a becomes an affine transformation. Since one can also see E as the 
map a- acting on twistors, the following must be true. 

Theorem 2.3 (|_2J). E : Z — > Z\ is pseudo-holomorphic. 

Proof. This proof is considerably shorter than the one in the reference. Notice that 
S, when restricted to each fibre, extends to a linear map between EndT (T -i( 3/ )M and 
End T y M 1 . Hence applying (Q 

dE(jA) = Z{jA) = E(j)E(A) = E(j) dE(A) 

and we may conclude the map is vertically pseudo-holomorphic. 

Now we shall check part (ii) of lemma (|2.1|) considering E as a map into the second 
twistor space Z\. Let / = cro7r = 7r 1 oE. By definition, for any X G TjJ(M) we have 

df o J V (X) = dao dvr(J rV X) = da o j o (da^da) o dnX = E(j)df(X) 

which is the first part of the condition. For the second we take u G 7i v+ , $, $ 1 the 
canonical sections (cf. proposition 12 and notice 

(j* v i E * $ i) S + = ((S*7T*V 1 ) U E*$ 1 )E + = ((7r*V 1 ) s , u $ 1 )E + (2.9) 

so the theorem follows after the proof that E*7i v = 7^ vl . This turns out to be exactly 
the case when we consider the particular connection V 1 . 

Notice that E*$] = $^0) = dajda -1 = a • Also it is not difficult to compute the 
formula, for any section £ of o~*TMi, 

for any Z G TM. Finally suppose X G 7i v . According to proposition (|2.1j) we have 
7r*Vx ( ^ ) = and want to prove a similar equality for E*A. Now 

^kx^ 1 = ((vrioE)*V 1 ) x E*$ 1 = ((ffo^V 1 )^^ 1 

= (ttV^^xct ■ $ = K*a*(a- (^Vxi^ 1 ■ a ■ $))) = 

as we wished. ■ 
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The principle behind the last computation is the fact that an affine transformation 
sends V-horizontal frames into V 1 -horizontal frames. Now suppose we have on Mi a 
second linear connection V 2 = V 1 + A. 

Corollary 2.1. The map S : (Z,J~^) — > (Zi,J~ v2 ) is pseudo-holomorphic if, and only 

if, it^-yK = o, vr g tm u vjx g z x . 

Proof. We know that for any u G T~tJ + , such that j E Z, we have £*u = v G 

So we just have to follow the last proof from that point of formula (J2.9|) . which must 

vanish: 

(K*v 2 ) s , M $ = o 
[tt*A,$ 1 ]s + = o [Abn il (t,),ii]ji + = o, yjieZi- 

By definition d^i^f) = Y — ij{Y G T^^.^Mi for some Y G TM\. Since 

[A Ji]j'i + = + - htit + h)A)jf 

= i(jiAj?+jiAjf-j?Aj?+jiAjt) = 2ij{Ajt 

the condition on A is equivalent to jiAj+ Y ji = j\Aj- Y ji =0. ■ 

Notice that if a = Id, then S = Id; hence the corollary gives the necessary and 
sufficient condition on A in order to have JT V = jT v2 . From this remark one proves 
easily that the twistor almost complex structure on the semi-Riemannian twistor space 
is independent of a conformal change of the metric, a well known result in the definite 
case Just recall the difference tensor A = V 2 — V induced by the metrics g and 

e 2 fg is given by A X Y = X(f)Y + Y(f)X - g(X, F)grad /. 

Also we remark that theorem (|2.3|) is coherent with the integrability equations of (|2.1j) 
because ^(j^ = ^(j^, Vj, and the torsion and curvature tensors satisfy T°"' v = a ■ T 
and R a V = a ■ R. 

Corollary 2.2. Suppose a is an isometry of a semi-Riemannian manifold (M,g). Then 
the map S : J~ + (M,g) — > J + (M,g) is pseudo-holomorphic. 

Proof. The affmely transformed connection a ■ V of the Levi-Civita connection V is also 
a metric and torsion free connection. By uniqueness, the two connections coincide. ■ 

3 The case for the pseudo-spheres 
3.1 Useful results 

Now we consider the 2n-dimensional pseudo-sphere Sf™ = S02 P +\,2q/ S02 P ,2q with its 
usual 5'02p+i,2( ? -irivariant metric ( , ), where n = p+q, p, q > 0. We concede to the usual 
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prefix 'pseudo', remarking it is not refering to the complex manifold terminology. Notice 
the invariant metric induced by the Killing form is the same as the metric of the flat 
semi-Euclidian space ]R 2p+1 ' 2,? restricted to the tangent bundle of the homogeneous space 
of norm 1 vectors. Also recall that this even dimensional pseudo-sphere is diffeomorphic 
to S 2p x R 2q . We let denote the twistor space J+(S%}, ( , )). 

Recall S 2 q is a connected, simply-connected complete semi-Riemannian manifold of 
constant sectional curvature 1. Hence all twistor spaces Z p,q are complex manifolds. 

Proposition 3.1. Sfl? cannot be a pseudo-Kahler manifold for any complex structure 
compatible with the metric, except if p + q = 1. 

Proof. Let q = and p > 1. Then the Riemannian spheres are not Kahler by topological 
reasons (a closed Kahler form yields a manifold with no volume) . 

Now suppose both p,q > 0. Then 5|™ cannot be pseudo-Kahler because of the 
classification of space-forms of this kind. Consider the open subset CP™ of complex 
projective space consisting of lines generated by z E C" +1 such that 

p n 
i=0 i=p+l 

is greater than 0. Then, for any c > 0, this space inherits an indefinite Kahler metric of 
constant holomorphic sectional curvature c. Now a result of jl] says that a connected, 
simply-connected, complete pseudo-Kahler manifold of signature (2p, 2q) and constant 
holomorphic sectional curvature c must be isometric and biholomorphic to CP™. So the 
pseudo-sphere should be isometric to this projective subspace, with c = 1, because its 
sectional, and hence holomorphic sectional, curvature is constant 1. However, this is in 
contradiction with the fact that not all the sectional curvatures of CP™ are 1. Indeed for 
any X, Y tangent to this manifold, with (X, X) = 1, (Y, Y) = —1 and (X, Y) = 0, then 

R(X, JX, X, JX) = 1 and R(X, Y, X, Y) = -i 

as we can see by a formula of [4 . One may also argue that the two spaces are in fact 
not homotopically equivalent if p > 1 . ■ 

The twistor spaces of pseudo-spheres are not very difficult to describe. 

Theorem 3.1. The following are biholomorphic identities: 

Z p >q = S0 2 p+l,2q _ SQ 2 p + 2,2q 
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Proof. By theorem 12.31 the Lie group S02p+i,2q acts by biholomorphisms on Z p,q . The 
isotropy subgroup is evidently U M as we deduce from the definition (|2.8|) . By counting 
dimensions, the first identity follows. We note that this action can be seen, locally, as 

b- (X,j) = {bx,b]b- 1 ) E S0 2p +l,2ql S0 2p ,2q X S0 2P; 2q/U Pi q. 

For the second identity, we note that every j 6 -k~ 1 (x) C Z p > q extends to a linear 
complex structure in R 2 p +2 > 2 i = Rl + R 2 p +1 ' 2 ^ writing j(x) = -1, J(l) = x. This 
extension is in fact the identity map, since for any linear orthogonal complex structure 
J in R 2 p+ 2 ' 2 " we get 

(1,J(1)) = -(J(1),1) = 

and due to the conjugation of J by a b G S0 2p +i, 2 q agreeing with the action above. 
Notice the bundle projection to the pseudo-sphere is J i— > ■ 

Here is a well known result whose proof, at the light of the theorem, might be 
interesting to notice. 

Corollary 3.1. CP 3 is the twistor space of the ^-sphere. 

Proof. We recall the Riemannian twistor bundle is usually seen as 
so the whole space is CP 3 and the fibre is CP 1 . The latter agrees with the 2-sphere of 
normed 1, self dual 2-forms. Now the holomorphic identification of 3-projective space 
with SOq/Uz comes from a special isomorphism su(4) ~ so(6) (cf. pp. 518-519, the 
coincidence AIII(p=3,q=l)=DIII(n=3)). ■ 

It is known by a result of A. Borel and J. P. Serre that the only spheres which admit 
almost complex structures are S 2 and S 6 . The results presented above lead to a new 
proof of the following interesting result of C. Lebrun. 

Theorem 3.2 (|llj). There is no integrable orthogonal complex structure on S 6 . 

Proof. Suppose there exists a section J : S 6 — > Z 3,0 representing such an integrable 
complex structure. By the existence of local complex charts, J must me a smooth 
section. It is also holomorphic by proposition 12.31 Thus S 6 embbeds as a complex 
submanifold of the Kahler manifold SO^/U^, and hence it is itself a Kahler manifold - 
a contradiction. ■ 

3.2 The metric on 

The spaces J~ + (M, g) inherit a metric an* g + bg f , where g$ is the invariant metric defined 
on the fibres via the connection and a, b are any two non- vanishing functions. This works 
for any manifold and yields a metric compatible with , as it is simple to check. 
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In the present application to pseudo-spheres we shall find a, b such that the metric on 
£p,q _ F p+ i t g agrees with the S02 P +2,2q- invariant one of proposition 12.21 Let 1 represent 
a norm 1 direction in semi-Euclidian space and let rrij = {A G S02 Pi 2q '■ AJ = — JA}. 
Since the bundle projection is given by the linear map 7r(J) = J(l), it is easy to see 
that the vectors tangent to the fibres, ie. those in V = ker d7r, correspond to 

A G m p j +1 such that Al = AJ1 = 0. 

It follows that, for any X G T J{1) S^, we get (AX, 1) = (AX, J I) = 0. Hence, a tangent 
vector A G nij +1 is tangent to the fibres of the twistor bundle if A coincides with an 
endomorphism of {1, J1} L . We shall denote the vertical part of any tangent A by A'. 

Lemma 3.1. The Killing form of S0k t i is given by B^Ai, A 2 ) — (k + I — 2)Tt AiA 2 . 

Proof. It is well known the Killing form of so(k + I, C) = g is given by the formula 
above. On the other hand, for any real form q of a complex Lie algebra, ie. any real 
Lie algebra such that g <S> C = q, its Killing form is clearly the restriction to real vectors 
of the Killing form of g. So we just have to prove S0k,i is a real form of q. Given 
X\ G S0fc, X 2 any k x I matrix, and X 3 G SO;, the map 



" x 1 


x 2 ' 




x l 


iX 2 


XT 


x 3 _ 


1 — > 


_ -iXl 


x 3 



can easily be seen to be an isomorphism of Lie algebras. Of course its image is a real 
form of so(k + 1, C), and since isomorphisms induce isometries for the Killing metric, we 
are finished (cf. jHj, pp 189, 239 for details). ■ 

Returning to the above, we write (A±, A 2 ) k = —B2k,2i{Ai, A 2 ) (recall the Killing form 
is negative definite on the compact orthogonal Lie algebra). Now computing the trace 
using a basis containing 1 and Jl, we find 

(2p + 2q) (A[, A' 2 ) p = (2p + 2q - 2) (A[, A' 2 ) p+1 (3.1) 

for any vertical vectors A[, A' 2 . We have proved part of the following result. 

Proposition 3.2. For any vectors A,B G TjF p+ \^ q = irij +1 , we have 

ii 

(A, B) p+1 = 8n (Al, Bl) + — — (A', B') p . (3.2) 

In particular, the index i PtQ of the metric on F Ptq (the number of time-like vectors in an 
orthonormal basis) is q 2 — q + 2pq. 
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Proof. Let {X±, . . . , X n , JX\, . . . , JX n } be a (direct) orthonormal basis of {1, Jl} 1 ' in 
M 2p+2, 2g = m+ r2 P +i,2^ let £ . = (x^Xi) = (JX U JXi) and set, for 1 < i < n, 

Ail = tiXi, AiJl = -J Ail = -eiJXi, AiXj = —Sijl, AiJXj = 5ijJl 
for any j < n. Then clearly Ai J = — JA iy and Ai G S02 P +2,2 g because 

(Ail, Xj) = e» (Xi, Xj) = 5ij = - (I, AiXj) , 

(AI, JX^ = ei (X u JXj) = = - (1, AiJXj) . 

Also (Ail, 1) = €i(Xi,l) = = — (1, Ail) with equal conclusion for Jl. Finally 
(AiX k , Xj) = = — (X k , AiXj) as we wished. 

It is clear enough that A[ = 0. Now we extend the set of endomorphisms A\, . . . , A n 
to a basis of the horizontal tangent bundle 7i v putting Ai +n = J Ai. 

If we compute the horizontal part (n^Ai, rc^Aj) of the metric, we get 

(Ail,Ajl) =ei5 ir 

On the other hand, computing directly (A iy Aj) p+1 we get, for i,j < n, 
-(2n + 2 - 2)Ti AiAj = -2n((AiAjl, 1) + (A^AjJl, Jl) + 

n 

+ J2( e k (AAjX k , X k ) + e k (AiAjJX k , JX k ))) 

k=l 

= +2n(2 (Xj,Xi) €i€j + 2efc (AjX k , AX,)) 

k 

= An(ei5ij + 22 e ^kjSki) = 8n e^^ 

k 

which leads to formula ()3.2|) . It is easy to prove Tr J AiAj = using the same basis, and 
clearly Tr J Ai J Aj = Tr AiAj. Also worth noticing is that TrAiA' = for any vertical 
vector A'. The formula for the index follows by induction; we have io tq = q(2q — l) — q 2 = 
q 2 — q and i p +i, q = i p>q + 2q, therefore i p>q = q 2 — q + 2pq. ■ 

3.3 Old and new formulas for do; 

Suppose (M, g) is a semi-Riemannian manifold, V is the Levi-Civita connection and Z 
is its twistor space. Let ' : TZ -^Vc End-E be the projection with kernel 7i v ~ E. 
Then this projection can be seen as a 1-form on Z and thus capable of inducing a 
translation of the usual connection in E to a pseudo-unitary connection: 



D A = n*\7 A - A'. 



(3.3) 
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Indeed, since g(A'X, Y) = —g(X, A'Y), for all X, Y G TM, D is a metric connection for 
the natural metric 7r*g in E, and from proposition ^. H it follows that -D$ = 0. Moreover, 
D preserves V and therefore we find, as in ^2] , a new linear connection, also denoted by 
D, on the tangent bundle of Z preserving the decomposition H v © V. Still, DJ V = 0. 
It is known that the torsion 

T D (A, B) = tt*T\ b - A'n*B + B'n*A + (n*R\ B )' 

- this was computed in the general setting in [T2J and of course holds in the present 
case (for which 7r*T v = 0). Notice also the horizontal and vertical parts decomposition. 
Furthermore, the formula leads to a proof of theorem !2. ll which we succintely recall: using 
a well known identity for the Nijenhuis tensor, N(A, B) = 8 Re J V+ T D (J V ~A, J V ~B) 
for a complex connection, equations ()2.5|) follow with little extra work. 
Now let 

G\A, B) = 8n ir*g(A, B) + t g f (A', B') (3.4) 

be the metric on the twistor bundle defined via the connection (t G R\{0}). As we 
have seen, gf(A',B') essentially agrees with the trace ((2n — 2) times), so it is simple 
to verify Dgf, and hence DG 1 , is zero. We may also define a non-degenerate parallel 
2-form n = G t (J v , ). 

Proposition 3.3. Let A,B,C G 7^ v U V. Then dtt(A, B, C) ^ if, and only if, two of 
the vectors are horizontal and the other is vertical. If X,Y G TCj , A 6 Vj, then 

dflj(X, Y, A) = -16ng(jAX,Y)+tg f (jR\ Y ,A) (3.5) 

where we identify X with tt^X G T^u-^M. 

Proof. It is known that, for connections such that DQ = 0, we have 

dtt(A,B,C)= Q) tt(T D (A,B),C). 

A,B,C 

Hence the result follows by carefull thinking of all four cases of horizontal and vertical 
choices. Therefore f!3.5|) is deduced from 

nj(T D (X, Y),A) + ^{T D (A, X),Y) + Vtj{T D (Y, A),X) 

= tg } (jR\ Y ,A) - 8ng(jAX,Y) + 8ng(jAY,X) 

which is the same as above. It is important to notice we are only using the vertical part 
of R\ y , ie. the one which anti-commutes with J, by the reason that it is perpendicular 
to u P)( j with respect to the trace. ■ 
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Let J : M — > Z be a smooth section and let uo denote the associated 2- form g(J , ). 
Then J*Q = 8nu + J*t where r denotes the vertical part. 

Proposition 3.4. Suppose dfl = 0. Then 

dco(X,Y,Z) = --Lg f (Rl y ,V 2 J). (3.6) 
x,y,z low 

Proof. As we have seen earlier, in section 2.1, the vertical part of dJ(X) is |JVx^- 
The computations above also show what the result of do; = — g^J*dr must be: for all 
X, Y, Z E TM, we have dw(X, Y, Z) equal to 

-^drj(J*X, J*Y, J*Z) = ~ £) tj(T d (J*X,J*Y),J*Z) 
on tin x ,y,z 

= ~ £> 9f(Jj**Rlx,j*Y,JV Z J) 
ion x,Y,z 

and the result follows. ■ 

Notice we can consider a 2-form on the twistor space w = n*g(J^ , ) and the pull- 
back of this by J agrees with uj. Then it is not hard to see, as in proposition 13.31 that 
J*dw leads to the old formula 

du(X,Y,Z)= © g((V z J)X,Y) (3.7) 

X,Y,Z 

which is not so easy to deduce if we apply directly the Levi-Civita connection. 

We easily discover that dm depends on one vertical and two horizontal vector fields 
(cf. proposition 13. 3|) . For instance, 

dzu(Bl,Cl,A') = w(T d (B1,C1),A')+zj(T d (C1,A'),B1)+zu(T d (A',B1),C1) 
= zu(A'Cl,Bl)-w(A'Bl,Cl) = —2zu(A'Bl, CI). 

We show the following proposition in order to understand better this 3-form. 
Proposition 3.5. dw is a form of type (1,2)+ (2,1). 

Proof. Suppose X — ijX E H^j , A' — ijA' E V J + '. Then, in computing dzu^ 3 ' ^ by the 
formula above, we would cross with the computation 

(A' - ijA')(X - ij X) = A'X - jA'jX - i(jA'X + A'jX) = 

which yields the conclusion that part must vanish. If dzu 1,2 = 0, then we would have 
dm = in contradiction with the above. ■ 
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3.4 Application to the pseudo-spheres 

We return to the study of the bundle Z p ' q — > S%™. By the result of ()3.2|) in section 3.2 
we have an S , 02 P +2,2g-i nv ariant metric compatible with the complex structure J7" v , which 
yields an identification Z p,q = F p+ x 7q . We recall the decomposition of A 6 TZ p ' q as 

A = Al + A' 

into horizontal and vertical directions. However, if we take coordinates (x 1 , . . . , x 2n ) on 
5*1™, then we still denote the horizontal vector field (dn)^ 1 (d / dx l ) by <9j. 

As explained in section 3.3 we may define a new linear connection D on Z p,q , pre- 
serving the splitting 7i v © V. We start by checking the expression for the torsion in 
general terms, since the result in [Tj2] is capable of further improvement. The vertical 
part is 1 

T D (A, B)' = D A B' -D B A' -[A,B]' 

= ~ \D A (®ir*V B $) - D B ($ir*V A $) - $ ir*V {A>B] ^\ 

= \* ®) - [A', vr* V B $ ] + [B', n*V A ^ 

= ^>(-2$«£)' + 2[A',^B']~-2[B'^A']) = {EC™)'. 

and the horizontal part is quickly checked for three cases: for two horizontal vectors, 
T D (di, dj) = 7r*T v (<9j, dj), for two verticals we have T D (A f , B')l = because the vertical 
tangent bundle V is integrable and D preserves V. Last, but not least, 

T D (A',d t )l = (ir*Va i A'-ir*V A ,d i + A , -[A',d$)l 

= -AV%l-jr*V^-A'9j = —A'di 

and thus, in sum, T D (A, B)l = -A'Bl + B'Al. 

3.4.1 Non-existence of orthogonal complex structures 

Now suppose J : Sf™ — > Z p ' q is an integrable complex structure and let ui denote the 
associated 2-form. Then du is type (1,2) + (2,1) because ui is type (1, 1) and because 
d = d + d. Also, recall dJ preserves types by proposition 12.31 We are going to use the 
formula ()3.6j) with RxyZ = (Y, Z) X — (X, Z) Y . We therefore must check carefully 
the weights of the metric. We saw in ()3.2|) that the pseudo-Kahler metric of the twistor 
space is the metric G* from ()3.4|) with 



The reader must distinguish between Lie and commutator brackets. 
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Since gj on the fibre is — (2n — 2)Tr , we find by proposition 13.41 

dou(X,Y,Z) = & \tt{R\ y V z J). 

X,Y,Z ° 

Proposition 3.6. dco = 0. 

Proof. Let {X±, . . . , X n , JX%, . . . , JX n } be a local orthonormal frame of the tangent 
bundle {1, Jl} x in R 2 p+ 2 ' 2 <? = Ml + R 2 ^ 1 ^ anc i i et 6fc = (X k ,X k ) = (JX k , JX k ). For 
any real endomorphism C of T X S%™ we have 

= ^ ee k(Ce k ,e^) = e k (CX k , X k ) + e k (CJX k , JX k ) 

where e k = X k — i.JX k (repeated indices represent a sum from 1 to n). Notice (e k , e^) = 
2e k . Hence 

du(X,Y,Z) = Q) lRee k (R^ Y (V z J)e k ,e^) 

X,Y,Z ° 

= & —(e k {R\ Y {V z J)e k ^) + e k {R\ Y {V zJ^e,,)) 

We are going to compute du(u, v, z) for any u, v, z G £ + , the +i-eigenspace of J, because 
it corresponds to the computation of dcj 2,1 (or do; 1,2 by conjugation of the real form). 

The integrability condition implies (V u J)v = 0, Vu, v G X + because V u v G X + . Of 
course, we have (VuJ)v = too. Let £ denote any index and let V^e^ = J^ k eh + T^e^- 
Then 

(V £ J)e fe = (i - J)V e e fe = 2z 7 £ fc e7; (hence 7 £ fc = 0) 

and 

(VfJ)e£= (-i-J)V e e£=-2i7£ 5 e h (hence 7 | fc = 7 £_). 
Notice VJ permmutes the + and — i-eigenspaces. From 

(llkfihiCj) = (Vee fc ,ej) = -(e fc , V^-) = -(e*, T^-efc) 
we find e 3 -7| jA . = — ejfeT^- Finally, 

(L;(u,t;,J) = -^(e fc (i^(V^/)e fe , e7) + e k (R? u (V v J)ej:, e fc ) + e k (R^(V u J)e^, e k )). 
lb 

But using the symmetries (R UjV a,b) = (R a ^u,v) = —(R UtV b,a), we find 

(R^(V U J)e~ k , e k ) = -2i^{R^e h ,e k ) = -2^« >e ^,l> = 
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and therefore we may continue from above 



du(u, v, z) 




Now we apply this to u = e a , v = ep. We get 



du(e a , e p ,z) = ^{ep% a - e a j™p) = i 



On the other hand, using formula (|3.7|) we immediately find 



duj(e a ,ep,z) 



6 Q , 6/3/ 

((VzJ)e a ,ep) = 2i^ a (eh,e p ) 



This implies du = 0. 



Theorem 3.3. There is no integrable orthogonal complex structure on S%™. 

Proof. Such a complex structure would have to be pseudo-Kahlerian in contradiction 



Remark. does not admit an orthogonal integrable complex structure, but it has 
a nearly pseudo-Kahler structure with respect to the usual metric. In fact we can 
generalize E. Calabi's construction as follows. We first consider M 3 with a Lorentz 

metric g and let (ei, 62,63) denote an orthonormal basis with signature H . Then 

a cross pruduct is well defined by g(u x v,w) = Vo\(u,v,w), where the Vol = e^ 123 - 1 , 
- which can be extended to elements of i? 4 ; writing a = (ao, a'), b = (bo,b'), then 
a x b = —dob' + boa' + a' x b' and a quaternionic multiplication can be given as 



with proposition 13.11 



a ■ b = (ao&o ~ g{ a 'i b'), aob' + b a' + a' x b'). 



Thus 



a x b = Im (b ■ a) 

where b = (b , —6') is the conjugate. Then M adopts the signature + H and we can 

define a new fixed metric on M 8 = R 4 x M 4 with signature + H +H . 
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The definition of a cross product as in the Cayley-Dickson process is then possible: 
letting u = (a, a), v = (b, f3) G K 8 , 

uxv = (axb — a x [3, (a ■ (3 — f3 ■ a)). 

Now we take the pseudo-sphere S = S% = {x e M 7 : = 1} C x I 7 C K 4 x M 4 . 

Since IR 7 has signature H h H , this implies S with signature h H . 

Finally, if x G 5 and -u G T^S", then the map defined by J x (u) — x x u is an orthogonal 
almost complex J. One proves this J is nearly pseudo-Kahler and non-integrable, just 
as in the Riemannian case. 
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